COQUASITRIANGULAR STRUCTURES FOR EXTENSIONS OF 
HOPE ALGEBRAS. APPLICATIONS 

Q ■ A. L. AGORE 

>^ ' Abstract. Let A C _B be an extension of Hopf algebras such that there exists a normal 

left A-module coalgebra map n : E -^ A that splits the inclusion. We shall describe 
the set of all coquasitriangular structures on the Hopf algebra E in terms of the datum 

^vj ' [A, E, n) as follows: first, any such extension E is isoiuorphic to a unified product 

A ^ H, for some unitary subcoalgebra H of E ([2]). Then, as a main theorem, we 
establish a bijective correspondence between the set of all coquasitriangular structures 
on an arbitrary unified product AtKH and a certain set of datum (p, r, u, v) related to 

■^^ . the components of the unified product. As the main application, we derive necessary 

^^' and sufficient conditions for Majid's infinite dimensional quantum double D\(A, H) — 

• ^ A cxIt- iif to be a coquasitriangular Hopf algebra. Several examples are worked out in 

'~i ■ detail. 



. ■ Introduction 

lf\ • An important class of Hopf algebras is that of quasitriangular Hopf algebras or strict 

TJ" I quantum groups. They were introduced by Drinfeld in [7] as a remarkable tool for 

^ ' studying the quantum Yang-Baxter equation R^'^R^'^R'^^ = R^^R^^R^"^. That is, if M is a 

C^ . representation of a quasitriangular Hopf algebra {H, R), then the canonical map rrK^n >-^ 

^~^ ' Yl R^'fT^ <^ R^n is a solution for the quantum Yang-Baxter equation. The dual concept, 

namely that of a coquasitriangular Hopf algebra (also called braided Hopf algebras in [8], 

[9] or [12]) was first introduced by Majid in [14] and independently by Larson and Towber 

in [11] . These are Hopf algebras A endowed with a linear map p : A(i^ A ^ k satisfying 

K> ■ some compatibility conditions. There is, of course, a dual result concerning the quantum 

j^ I Yang-Baxter equation: if M is a corepresentation of a coquasitriangular Hopf algebra 

{A,p) then the canonical map Rp{m®n) = p(m<i>,n<i>)m<o>®n<o> is a solution for 

the quantum Yang-Baxter equation. However, what makes the coquasitriangular Hopf 

algebras so important is the fact that the converse of the above statement is also true. 

Namely, by the celebrated FRT theorem for any solution R of the quantum Yang-Baxter 

equation there exists a quasitriangular bialgebra {A{R),p) such that R = Rp ([5]). 

Based on this background, (co) quasitriangular Hopf algebras generated an explosion of 
interest and were studied for their implications in quantum groups, the construction of 
invariants of knots and 3-manifolds, statistical mechanics, quantum mechanics but they 



(N 



2010 Mathematics Subject Classification. 16T10, 16T05, 16S40. 

Key words and phrases, unified product, double cross product, generalized quantum double, coquasi- 
triangular Hopf algebras, Yang-Baxter equation. 

1 



2 A. L. AGORE 

also became a subject of research in its own right. Complete descriptions of the coqua- 
sitriangular structures have been already obtained for several families of Hopf algebras, 
see for instance [3], [5], [9] or [12] . 

Among the many research topics related to coquasitriangular Hopf algebras one is of 
particular interest: for a given Hopf algebra H, describe (if any) all coquasitriangular 
structures that can be defined on H. We can formulate the more general problem: 

Let A (^ E be an extension of Hopf algebras. What is the connection between the coqua- 
sitriangular structures of A and those of E? 

Obviously, if {E,p) is a coquasitriangular Hopf algebra then A is also a coquasitriangular 
Hopf algebra with the coquasitriangular structure given by the restriction of p to A^A. 
The difficult part of the problem is the converse: ii a : A0 A ^ k is a coquasitriangular 
structure on A, could it be extended to a coquasitriangular structure on E? In this paper 
we give a complete answer to this problem in the case when the extension A (^ E splits in 
the sense of 0: i.e. there exists tt : E ^ A a normal left ^-module coalgebra map such 
that vr(a) = a, for all a E A. It was proved in [2] that an extension A Q E splits in the 
above sense if and only if E is isomorphic to a unified product between A and a certain 
subcoalgebra H of E. The unified product was introduced in [1] as an answer to the 
restricted extending structures problem for Hopf algebras. Unified products characterize 
Hopf algebras which factorize through a Hopf subalgebra A and a subcoalgebra H such 
that 1 £ H. As special cases of the unified product we recover the double cross product 
or the crossed product of Hopf algebras (see Examples 1.1). 

An outline of the paper is as follows. In Section 1 we recall the construction and some 
basic properties of unified products. In Section 2, the notions of generalized (p, /) - 
left /right skew pairing and generalized (n, v) - braidings are introduced. The main 
result of the paper is Theorem 12 . 61 where a bijective correspondence between the set of all 
coquasitriangular structures a on the unified product At< H and the set of all quadruples 
(p, T, u, v) satisfying some compatabilities is established. All coquasitriangular structures 
on the unified product are explicitly described in terms of this quadruple {p,T,u,v). 
In particular, in Corollary 12.71 necessary and sufficient conditions for a double cross 
product A ixi H associated to a matched pair (A,H,!>,<\) of Hopf algebras to be a 
coquasitriangular Hopf algebra are given. 

Let A : H®A — >■ A: be a skew pairing between two Hopf algebras and consider D\{A, H) := 
A [Xi\ H to be the generalized quantum double as constructed in ( |13t Example 7.2.6]). 
As the main application of the results in Theorem 13.11 the set of all coquasitriangular 
structures on the generalized quantum double D\{A,H) are completely described. In 
particular, it is proved that a generalized quantum double is a coquasitriangular Hopf 
algebra if and only if both Hopf algebras A and H are coquasitriangular. Several explicit 
examples are also provided. 

1. Preliminaries 

Throughout this paper k denotes an arbitrary field. Unless specified otherwise, all alge- 
bras, coalgebras, tensor products and homomorphisms are over k. For a coalgebra C, we 
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use Sweedler's S-notation: A(c) = C(i) C(2), (/ (Si A)A(c) = C(i) ® C(2) "^ C(3), etc with 
summation understood. For a /c-linear map / : H®H -^ Awe denote f{g^ h) = f{g®h). 
Recall from [6] that if A and H are two Hopf algebras and \ : A® H ^ k \s a A:-linear 
map which fulfills the compatibilities: 

(BRl) A(xy,z) = A(x,Z(i))A(y,Z(2)) 

(BR2) A(l,z) = e{z) 

(BR3) X{x,lz) = A(x(i),z)A(x(2),0 

(BR4) \{y, 1) = e{y) 

for all X, y € A, I, z (z H, then A is called skew pairing on {A,H). Notice that a skew 
pairing A is convolution invertible with A~^ = A o (5 (8) Id). Also, by a straightforward 
computation it can be seen that if A is a skew pairing on (^4, H) then A o (S (8) Id) o z/ is 
also a skew pairing on (H, A) where v is the flip map. 

Moreover, recall from |11] that a Hopf algebra H is called coquasitriangular or braided if 
there exists a linear map p : H ® H ^ k such that relations (BRl) — [BRA) are fulfilled 
and 

(BR5) p{x(i),y(i))x(2)V(2) = y(i)X{i)p{x(2),y(2)) 
holds for all x, y, z ^ H. 

Unified products. We recall from [T] the construction of the unified product. An ex- 
tending datum of a bialgebra A is a system Q{A) = (ff, <], i>, /) , where H = (^H, Ah,£h, 
1//,-) is a A;-module such that (^H,Ah,£h) is a coalgebra, (ff, I//,-) is an unitary not 
necessarily associative A;-algebra, the /c-linear maps <: H®A^^II,>: H(SA^A, 
f : H ® H ^f A are coalgebra maps such that the following normalization conditions 
hold: 

h\>lA = eH{h)lA, lH>a = a, 1h <a = eA{a)lH, h<lA = h (1) 

Ah{Ih) = Ih®Ih, f{h,lH) = f{lH,h)=eH{h)lA (2) 

for all h e H, a e A. 

Let Q,[A) = (^H, 0, i>, /) be an extending datum of A. We denote by A x^fA) H = AiK H 
the /c-module A(S H together with the multiplication: 

(a K /i) • (c X g) := a(/i(i) > C(i))/(/i(2) <i C(2), 5(1)) x (/i{3) < C(3)) • 5(2) (3) 

for all a,c ^ A and h,g a H, where we denoted aCS)h&A(SlIhyat<h. The object 
A t< H is called the unified product of A and Q{A) if A k if is a bialgebra with the 
multiplication given by ([3]), the unit 1a x 1h and the coalgebra structure given by the 
tensor product of coalgebras, i.e.: 

AAKHia^h) = a(i) X /i(i) (g) 0(2) X /i(2) (4) 

£AxHia X /i) = eA{a)£H{h) (5) 
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for all /i G i7, a G A. We have proved in [T[ Theorem 2.4] that A t< H is an unified 
product if and only if Ah : H ^ H ^ H and en : H —^ k are fc-algebra maps, {H, <) is 
a right A-module structure and the following compatibilities hold: 

(BEl) {g-h)-l= {g<f{\i), ki)))i\2) ■ 1(2)) 

(BE2) g > (ab) = {g^^-j > a(i))[(g(2) < a(2)) > b] 

(BE3) {g-h)<a=[g< (/i(i) > a(i))] • (/i(2) <l a(2)) 

(BE4) [c/(i) i>(/i(i)>a(i))] 7(^5(2) <i(/i(2)>a(2)), /i(3) <]a(3)j= /(5'(i), /i(i))[(5(2) •^(2))i>a] 



(BE5) (^5(1) >/(^(i), k^)))f\9{2)<f{h(2), 1(2)), /i{3) ■l(3))= fi9(i), h^))f{9(2) -^(2), 
(BE6) 5f(i) <] 0(1) (g) fii(2) a(2) = 5(2) <J ^(2) c/(i) o «(i) 

(BE7) 5f(i) • /i(i) ® /(5(2), /i(2)) = 9(2) ■ h(2) fS) f{g(i), /i(i)) 

for all g, h, I & H and a, b & A. In this case il(A) = {H,<, >, f) is called a bialgebra 
extending structure of ^4. A bialgebra extending structure Q{A) = (if, o, >, /) is called a 
-ffoT?/ algebra extending structure of A if ^4 k if has an antipode. If A is a Hopf algebra 
with an antipode Sa_ and H has an antipode Sh, then the unified product A tx ii has 
an antipode given by: 

S{a K g) := (5a[/ (5^(9(2)), 5(3))] x SH{g(i))^»[SA{a) x Ih) 

for all a G ^ and g ^ H {^ Proposition 2.8]). 

In p] it was proved that a Hopf algebra E is isomorphic to a unified product ^ ix if if 
and only if there exists a morphism of Hopf algebras i : A ^- E which has a retraction 
TT : E ^ A that is a normal ([21 Definition 2.1]) left 74-module coalgebra morphism. 

Examples 1.1. 1. Let A be a bialgebra and Q{A) = (^H, <\, o, /) an extending datum of 
A such that the cocycle / is trivial, that is f{g, h) = e/f (g)e//(/i)lyi, for all g, h & H. 

Then Q{A) = (ii, <],>,/) is a bialgebra extending structure of A if and only if ii is a 
bialgebra and {A, H, o, >) is a matched pair of bialgebras in the sense of [13^ Definition 
7.2.1]. In this case, the associated unified product 74ixii = 74ix]iiis the double 
cross product of bialgebras in Majid's terminology (also called bicrossed product of 
bialgebras in [I^). Perhaps the most famous example of a double cross product is the 
generalized quantum double (see Section 3 below). If ii is a finite dimensional Hopf 
algebra then the generalized quantum double coincides with the celebrated quantum 
double D{H) = H*°^ txi H which is a double cross product by the mutual coadjoint 
actions: 

/it>a = a(2)(/i, 5'(a(i))a(3)) , /i< a = /i(2)(a, S'(/i(i))/i(3)) 

for all /i € ii and a € H* . 

2. Let ^ be a bialgebra and Qj[A) = (^H^ o, t>, /) an extending datum of A such that 
the action <l is trivial, that \s h < a = eAia)h, for all /i € if and a & A. In this case. 
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the associated unified product A k H = Ajf^K H is called the crossed product of Hopf 
algebras. For more details on crossed products of Hopf algebras we refer to [3]. 

2. COQUASITRIANGULAR STRUCTURES ON THE UNIFIED PRODUCTS 

In this section we describe the coquasitriangular or braided structures on the unified 
product. In other words, we determine all braided structures that can be defined on the 
monoidal category oi A ^ H - comodules. First we introduce some new definitions as 
natural generalizations for the concepts of braiding and skew pairing. 

Definition 2.1. Let A be a Hopf algebra, H = (^H, Ah,sh, ^h, ■) a /c-module such that 
(^H, AhjSh) is a coalgebra, (^H, 1h, ■) is an unitary not necessarily associative A;-algebra, 
f : H H ^ A a coalgebra map and p : A (i^ A —^ k a braiding on A. A linear map 
u : A^ H ^ k is called generalized (p,f) - right skew pairing on (A, H) if the following 
compatibilities are fulfilled for any a, b (^ A, g, t ^ H: 

(RSI) n(a6, t) = n(a, t(i))n(6, t(2)) 
(RS2) u{l,h) =e{h) 

(RS3) n(a(i),s'(2) • t(2))p(a(2), /(5'(i),i(i)))= ^i(a(i),*)^i(a(2),5') 

(RS4) u{a, 1) = e{a) 

Definition 2.2. Let ^ be a Hopf algebra, H = (i7, A//,e//, 1//, •) a /c-module such that 
(-?/, A//, £h) is a coalgebra, (i7, 1h, ■) is an unitary not necessarily associative fc-algebra, 
f : H H ^ A a coalgebra map and p : A (i^ A —^ k a braiding on j4. A linear map 
V : H A —^ k is called generalized (p,f) - left skew pairing on {H, A) if the following 
compatibilities are fulfilled for any b, c (z A, h, g £ H: 

(LSI) p(/(/i{i),5'{i)),C(i))t;(/i(2) •5'{2),C(2)) = v{h,C(^i^)v{g,c^2)) 

(LS2) v{h,l) = e{h) 

(LS3) v{h,bc) =v{h{i),c)v{h{2),b) 

(LS4) v{l,a) = e{a) 

Remark 2.3. \i H is a bialgebra and f = e ® e is the trivial cocycle then the notion 
of generalized (p,f ) - left/right skew pairing on [A, H) coincides with the notion of skew 
pairing on [A,H). 

Definition 2.4. Let A be a Hopf algebra, H = (^H,Ah,£h, ^h, ■) a /c-module such that 
[H, Ah,sh) is a coalgebra, [H, 1h, •) is an unitary not necessarily associative /c-algebra, 
f : H ® H ^ A a coalgebra map and p : A® A ^ k a braiding on A, u : A ® H ^ k a 
generalized (p, /) - right skew pairing and v : H ® A ^ k a generalized (p, /) - left skew 
pairing. A linear map t : H ® H ^ k is called a generalized {u, v) - skew braiding on H 
if the following compatibilities are fulfilled for all h, g, t £ H: 
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(SBRl) u(/(/l(i),S'(i)),t(i))T(/l(2) ■ g{2),t{2)) =7"(/l,t(i))T(5(,t(2)) 

(SBR2) T{l,g)=e{g) 

(SBR3) r(/i(i),5(2) • i{2))^(V)' ■^(^'W '*(!)))= '^(^i)'*)'^(^2),9) 

(SBR4) r(5, 1) = e{g) 

(SBR5) r(/i(i),5f(i))/i(2) -5(2) = 5(i) ' ^(i)'^(^(2),S'(2)) 

Remark 2.5. If i? is a bialgebra and / = e (8) e is the trivial cocycle then the notion 
of generahzed (n, v) - skew braiding on H coincides with the notion of coquasitriangular 
structure (or braiding) on H. 

Theorem 2.6. Let A be a Hopf algebra and Q{A) = (H, <, >, f) a Hopf algebra extending 
structure of A. There is a bijective correspondence between: 

(i) The set of all coquasitriangular structures a on the unified product A t< H; 

{a) The set of all quadruples {p, r, u, v) where p : A A ^ k, t : H ® H ^^ k, u : 
A® H ^ k, V : H ® A ^^ k are linear maps such that {A, p) is a coquasitriangular Hopf 
algebra, u is a generalized (p, f) - right skew pairing, v is a generalized {p, f) - left skew 
pairing, (H, r) is a generalized {u, v) - skew braiding and the following compatibilities 
are fulfilled: 

v{h(^i),b(_i)){h^2)>b^2))®{h(3)<b(^s)) = 6(i) /i(i)w(/i(2),&(2)) (6) 

{g{i)>aii))^{g{2)<a{2))u{a{3),g(3)) = '«(a(i),S'(i))a(2) ®5(2) (7) 

■^(^(l)>5(l))/(^(2),ff(2)) = /(5(l),^(l))T(/i(2),ff(2)) (8) 

u{a(^i) , 9(2) < C(2) )p{a{2) , 5(1) > C(i) ) = p(a(i) , c)u(a(2) , g) (9) 

T"(/J(l),5(2) <3C(2))?;(/l(2),5(l) i>C(i)) = v{h(_i),c)T{h(^2),g) (10) 

p(/l(l)C>6(l),C(i))u(/l(2)<]6(2),C(2)) = 't^(/l,C(i))p(6,C(2)) (11) 

u(/i(i) 6(1), t(i))r(/i(2) 6(2), i(2)) = r(/i,t(i))n(6,t(2)) (12) 

Under the above bisection the coquasitriangular structure a : {A k H) ® {A k H) — )■ k 
corresponding to (p, r, u, v) is given by: 

a{a \Kh,bt< g) = u{a^i), g^i))p{a^2),\i))T{h^i), g(2))v{h^2),b^2)) (13) 

for all a,b,c £ A and h,g,t € H . 

Proof. Suppose first that {A k H, a) is a coquasitriangular Hopf algebra. We define the 
following linear maps: 



p : A(g) A ^ k, 


p{a,b) = 


= cr(a®l,6®l) 


T:H®H^k, 


T-{h,g) = 


= a{l(S}h,l0g) 


u: A®H ^ k, 


u{a, h) - 


= cj(a (g) 1, 1 (g) /i) 


v. H ® A ^ k, 


v{h,a) = 


= cr(l (g)/l,a(g) 1) 
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Before going into the proof we collect here some compatibilities satisfied by the maps 
defined above which will be useful in the sequel. The following are just easy consequences 
of the fact that cr is a coquasitriangular structure on A t< H and, hence, it satisfies the 
normalizing relations (BR2) and (BR4): 

p{l,b)=e{b)=p{b,l) (14) 

r(l,/i) = e(/i) =t(/i,1) (15) 

u{l,h)=e{h), u{a,l) = e{a) (16) 

v{l, a) = e{a), v{h, 1) = e{h) (17) 

Remark that from relation ()15p it follows that r fulfills (SBR2) and (SBR4) while from 
relation ()17p we can derive that v fulfills (LS2) and (LS4). 

First we prove that relation (|13p indeed holds: 

a{a#h, b#g) = a{{a#l){l#h),{b#l){l#g)) = 

^''=^ a(a#l, (6(i)#l)(l#g(,)))a((l#/i), (6(2)#1)(1#5(2))) 

(^J') (7(a(i)#l,l#5(i))a(a(2)#l,6(i)#l)a(l#/l(l),l#5(2))^(l#/i(2),&(2)#l) 

= w(a(i),5'(i))p(a(2),6(i))r(/i(i),5((2))v(/i(2),6(2)) 

Next we prove that (A, p) is a coquasitriangular Hopf algebra, u is a generalized {p, f) - 
right skew pairing on (H, A), v is a generalized (p, /) - left skew pairing on {A, H) and r 
is a generalized {u, v) - skew braiding on H. Having in mind that (A x H, a) is a coqu- 
asitriangular Hopf algebra it is straightforward to see that {A,p) is a coquasitriangular 
Hopf algebra by considering x = a#l, y = 6#1 and z = c#l in (BRl) — (BR5). 
Since a satisfies (BRl), then for all a, b, c (z A and h, g, t (^ H we have: 

a(a(5f(i) fe(i))/(/i(2) < b^2),h(i))#{g(3) < 6(3)) • /i{2), c#t) = 

= a{a (g) g, C(i) i(i))o-(6 8) h, C(2) i(2)) (18) 

Moreover, since a also fulfills (BR3) we have: 

a{a#h,b{g(i) > C(^i))f{g(2) < C(^2),t{i))#{gi3) <C(^3)) •*(2)) = 

= <T(a(i) (g) /i(i) , c ® t)a{a(2) ® /i(2) ,b<g g) (19) 

Furthermore, by (BR5) we have: 

o-(a(i) (8)/i(i),6(i) (8)g(i))a(2)(/i(2)>&{2))/(^(3)<i^(3),S'{2)) «) (/i(4) &(4)) -5(3) 

= ^{i)(5'(i) i> «(!))/ (5(2) <ia(2),/i(i))(X'(s'{3) <'a(3)) • /i(2)cr(a(4) <X) /i(3) , &(2) <»5'{4)) (20) 

By considering h = g = 1 and c = 1 in (jlSp we get relation (RSI). If we let 6 = c = 1 
and h = 1 in (fT9l) yields: 

^(0(1), 5(3) •i(3))p(a(2),/(fi'(l),i(l)))7"(l,S'(4)i(4))^'(l,/(5'(2),i(2)))=^(a(l),i)^(a{2),5') 

Now using relations (fTSJ) and (fT7|) we get (RS3) . Hence we proved that u is a generalized 
{p, f) - right skew pairing on (H, A). Considering a = b = 1 and t = 1 in (jlSp yields: 

«(/(^(i)>5'(i)),l)p(/(^(2),5'(2)),C(i))r(/i(3) •5'(3),1)^'(^(4) •5(4), C(2)) = v{h,C(i^)v{g,ci^2)) 
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Using (lisp and (I16p we get that (LSI) holds for v. Moreover from ()19p applied to 
g = t = 1 and a = 1 we get that (LS3) also holds for v and we proved that v is indeed a 
generalized {p, f) - left skew pairing on (A, H). Next we apply (118|) for a = b = c = 1: 

u{f{h^i),g(i)),t^i))p{f{h^2),9{2))A)r{\3) ■ g{3),t{2))v{h(i) ■ g(i)A) = r{h,t(^^))T{g,t^2)) 

Using ([n]) and ([171) we obtain (SBRl). Now ([19|) applied for a = 6 = c = 1 yields: 

u{l,9(3) ■t{3))p{'^Ji9{i),t{i)))v{h(2)Ji9{2),t{2)))r{h^i),g^i) •t(4)) = r(/i(i), t)r(/i(2),5) 



From ()14p and (116p we obtain that (SBR3) holds for r. Considering a = & = 1 in ()20p 
we get: 

1"(^(l),5'(l))/(^2),5(2))#^3) •S'CS) = /(5(1)>(1))#5'(2) •^2)'^(^3),5(3)) 

Having in mind that / is a coalgebra map we obatin, by applying e (^ Id, that (SBR5) 
holds for T and therefore r is a generalized (u, u) - skew braiding. 

We still need to prove that the compatibilities ^ - (J12p hold. Compatibilities dS]) - ([7]) 
are obtained from (j20p by considering: a = 1 and <? = 1 respectively 6=1 and h = 1 
while ([8]) can be derived from (j20p by considering a = 6 = 1 and then applying Id® e. 
The next two compatibilities, ([9]) and (jlOp . can be obtained by considering h = t = 1 
and b = 1 respectively a = b = 1 and t = 1 in (fT9]) . To this end, relations ([TT]) and (fT2|) 
can be derived from (jlSp by considering g = t = 1 and a = 1 respectively a = c = 1 and 
9 = 1- 

Assume now that {A,p) is a coquasitriangular Hopf algebra, u is a generalized {p,f) - 
right skew pairing, u is a generalized {p, f) - left skew pairing, r is a generalized (u, v) 
- skew braiding and a is given by (I13p such that compatibilities ([6]) - ()12p are fulfilled. 
Then, using relations (RS2), (SBR2), (LS2) and the fact that p is a coquasitriangular 
structure we can prove that for all a (z A, h (^ H we have: 

cr(l#l,«#^) = ^i(l,/i(i))p(l,a(i))r(l,/i(2))u(l,a(2)) 
= e{a)e{h) 
= e{a#h) 

Moreover, using relations (RS4), (SBR4), (LS4) and again the fact that p is a coquasi- 
triangular structure, we also have: 

a{a#h,l#l) = n(a(i),l)p(a(2),l)r(/i(i),l)'i;(/i(2),l) 
= e{a)e{h) 
= e{a#h) 

for all a e A, h £ H. Hence a also fulfihs (BR4). 

To prove that a satisfies (BRl) we start by first computing the left hand side. Thus for 
all a,b,c & A and h,g,t € H we have: 
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LHS 



(RSI) 
{BE7) 

(LSI) 

(SBRl) 
(Bm) 

m 



^(a(l)(5(l) 1> &(l))/(5'(3) < ^(3)>(l)). *(l))^((5'(6) < &(6)) • ^(4), C(2)) 
P{a(2){9(2) > &{2))/(fi'(4) < ^(4)>(2)), C(i))t((5(5) <1 6(5)) • /l(3), ^(2)) 

n(a(i),t(i))n(5f(i) >6(i),t(2))n(/(5f(3) <i6(3),/i(i)),i(3))u((ff(6) <]6(6)) • /i(4),C(4)) 

P(Q(2) , C(l) )p{ f{g{A) < fe(4) , ^(2) ) , C(3))r( (g(5) <lb(5)) ■/l(3) , t(4))p(5(2) t> 6(2) , C(2)) 

n(a(i),t(i))n(g(i) 6(1), t(2))n(/(g(3) <i 6(3), /i(i)),^(3)) t'((g(6) <]&(6)) • ^(4),C(4)) 

P(Q(2),C(l)) p(/(g(5) <j6(5),/t(3)),C(3)) r((g(4) <lb(4)) • /l(2), t(4))p(5(2) >> 6(2) , C(2)) 

n(a(i),t(i))n(g(i)[>b(i),t(2)) ^(/(g(3)<ife(3),/t(i)),^(3))p (a(2),C(i)) 

P(g(2) t> ^(2) , C(2) ) r ((g(4) <] 6(4) ) • /t(2) , t(4)) ^(g(5) < 6(5) , C(3) )T;(/t(3) , C(4) ) 

u(a(i) , t(i) )n(5f(i) 6(1) , t(2) )p(a(2) , C(i) )p(g(2) > 6(2) , C(2) ) 

^(ff(3) < 6(3) > i(3) )-^(^(l) , i(4) )w(5(4) <3 6(4) , C(3) )i;(/l(2) , C(4) ) 

^(«(1) ^ ^(1) )^(g(l) > 6(1) , t(2) )p(Q(2) , C(l) ) P{9{3) ■> 6(3) , C(2) ) 
t(9(2) 6(2) , i(3) )T(/t(l) , i(4) ) ^(g(4) ^6(4),C(3)) t;(/l(2) , C(4) ) 

^(«(1) » ^(l)) ^(g(l) > 6(1) , t(2))p (a(2) , C(i)) T(g(2) <] 6(2) , t(3)) r(/j.(i) , t(4)) 
^(5(3) , C(2) )p(6(3) , C(3) )t;(/l(2) , C(4) ) 

^(a(i)>*(i))p(a(2),C(i))r(sr(i),t(2))u(6(i),t(3))r(/i(i),t(4)) 

■y (ff(2) , C(2) )p(6(2) , C(3) )t;(/l(2) , C(4) ) 



where in the second equahty we also used the fact that p is a coquasitriangular structure. 
To prove (BR3) we start again by computing the left hand side. Thus for all a, 6, c € A 
and h,g,t (^ H we have: 



LHS 



(R53) 



^((a(i)>(5(5)<3C(5 

T{h{l),{9{6) <1C(6) 

^(a(i),(5(5) <1C(5) 



T"(^(l),(5(6) <1C(6) 

(BEl) , 

= ^(0(l),(5(4) <1C(4) 

'^(V)>(5(6)<C(6) 



) • ^(3)) p(«(2),6(i)(ff(i) >C(i))/(g(3) <]C(3),t(i))) 
• ^(4)) ^(^(2),6(2)(g(2) t>C(2))/(g(4) <'C(4),t(2))) 

■ *(3))p(a(2) , /(5(3) <J C(3) , t(i)))p(a(3) , g(i) C(i) )p(a(4) , 6(1) ) 



t{A))v{h(2) , f{g{4) <JC(4),t(2)) )^(/t(3) , 5(2) >> C(2) )^^(/i(4) , 6(2) ) 

*(2))p(a(2) , /(5(3) <^ C(3) , t(i)))p(a(3) , 9(1) t> C(i) )p(a(4) , 6(1) ) 

*(4)) ^ (^(2) , /(5(5) <J C(5) , i(3) )) ?;(/l(3) , 5(2) t> C(2) )?;(/l(4) , 6(2) ) 
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= U («(1) , (g(4) < C(4) ) • t(2))p(a(2) , f{9{3) < C(3) , t(i)))p (a(3) , ff(i) > C(i))p(a(4) , fe(i) ) 

^(^(i) > *(i) ) w(«(2) , g(3)<'C(3) )p(a(3) , 5(1) > C(i) )p(a(4) , 6(1) )r (/i(i) , t(2) ) 

-^(^(2) , 9{4) < C(4))u(/l(3) , g(2)'>C(2) )^(^(4) , &(2) ) 

^(Q(i)^^(i)) ^(Q(2):g(2)<'C(2))p(a(3)^ff(i)>C(i))p (a(4),fc(i))r(/t(i),t(2)) 

T(/i(2),ff(4) <1 C(4))w(/l(3),5f(3) C(3))u(/l(4), 6(2)) 

«(a(i) > *{i) )p(a(2) , C(i) )n(a(3) , 5(1) )p(a(4) , 6(1) )t(/i(i) , i(2) ) 

T(^(2),g(3) <C(3))^(^(3),g(2) >C(2)) ^(fe(4) , 6(2) ) 

""(^(1) ; *{i) )p(a(2) , C(i) )u(a(3) , 5^^^) )p(a(4) , 6(1) )r (/i(i) , i(2) ) 

''^(^(2),C(2))r(/l(3),5(2))i;(/l(4),6(2)) 

RHS 



iRS3) 
(BE6) 

m 



Note that in the second equahty we used the fact that p is a coquasitriangular structure. 
In order to show that a also fulfills (BR5) we need the following compatibilities that can 
be easily derived from ([6]) and ([7]) by applying s (g) Id: 

v{h(i),b^i)){\2)<b^2)) = h(^i)v{\2),b) (21) 

i9{i)<a{i))u{a(2),9{2)) = u{a,g{i))9(2) (22) 

Computing the left hand side of (BR5) we obtain: 

LHS = u(a(i),g(i))p(a(2),6(i))r(/i(i),5f(2))f(/i(2),6(2))a(3)(/i(3) >6(3)) 

/(/t(4)<V),g(3)) # (^(5)<J^(5)) -5(4) 
{BE7) 



m 



ujaji), 9ii))p{a{2),b{i))T{h(^i), g^2)) v{h(2),b{2)) a{3) ih(3) > \3)) 

fih(5) < ^5)^g(4))# (^(4)<'V)) • 5(3) 

"(0(1) , 5(1) ) p{a(^2),b{l)) T{h(^i) , 5(2) ) «(3)fe(2) /(^(4) < ^(4) , 5(4) )# 

h{2) • 5(3)^(^(3), &(3)) 
= ^(Q(l),5(l)) '7'(^(l),5(2)) ^(l)«(2)P(a(3)i^(2))/(^(4) < V),5(4))# 

^2) -5(3) ^(^(3), ^(3)) 

= ^(Q(l)i5(l)) ^(l)«(2)P(Q(3)»^(2))/(V) <j6(4),ff(4))# (g(2) •/t(l)) 

r(/i(2),5(3))t'(/l(3),&(3)) 
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iTTl 

= ^(l)(5'(l) I>a(l))p(«(4),&{2))/(^(4) <J^(4),g(5))# (g(2)<'«(2)) " ^(1) 

^(Q(3) , g(3) ) t(^(2) , 9(4) )vih(3) , fe(3) ) 

l22t 



^(1) (5(1) l> a(i) )P(«(3) > ^(2))/( V) <J^(4) , ff(5) )#(9(3) • /i(i) )'"(a(2) , 5(2) ) 

-^(^(2),g(4)) ^(/t(3),^(3)) 

= fe(i)(g(i)t>a(i))p(Q(3)»^(2)) /(^(3)>g(5)) #(g(3) • ^(l))'"(a(2),5(2)) 

T(fe(2),g(4)) ^(^(4),ft(3)) 

b(l) (5(1) i> a(i) )P(«(3) , fe(2) )^'(/i(4) , &(3) )'r (^(3) , 5(5) ) /(g(4), ^2)) # 
( g(3) •/^(l) )M(Q(2),g(2)) 

fe(l)(g(l)I>a(i))p(a(3),6(2))t;(/l(4),6(3))T(/l(3),5-(5))/(£(3)^,/l(l))# 

(5(4) • /t(2)) ^(Q(2)^g(2)) 

^(1) (5(1) a(l) )P(«(4) > ^(2) )^'(^(4) , &(3) )'^(^(3) > 9(5)) 1(9(2) < 0(2) , /l(l) )# 
(ff(4) •fe(2)) n(«(3),g(3)) 

&(1) (9(1) > a(l) )P(«(5) , ^(2) )^'(/l(4) , &(3) )'^(^3) > 9{5)) 1(9(2) < 0(2) , ^(1) )# 

((5(3) <3a(3)) •^(2))M(a(4),5(4) 
= i?if5 

In the forth equahty we used the fact that p is a coquasitriangular structure. Thus (BR5) 
holds for a and this ends the proof. D 

The following result which characterizes the coquasitriangular structures on a double 
cross product can be obtained from Theorem 12.61 by considering / = e (8) e to be the 
trivial cocycle. 

Corollary 2.7. Let A txi H be a double cross product of Hopf algebras. There is a 
bijective correspondence between: 

(i) The set of all coquasitriangular structures a on the double cross product A ixl H; 

(a) The set of all quadruples {p,T,u,v), where p : A A ^- k, t : H (g> H ^ k, 
u:Ai0H^k,v:H(^A^>-k are linear maps such that (A,p) and (H,t) are 
coquasitriangular Hopf algebras, u and v are skew pairings on {A, H) respectively on 
{H, A) and the following compatibilities are fulfilled: 

v(h(i),b(^i)){h(^2)>b(^2))(^(h(3)<b(^3)) = &(i) (8) /^(l)^;(/^(2), ^(2)) 

(5(i)i>a(i))(g)(5'(2) <ia(2))n(a(3),5'(3)) = n(a(i),5'(i))a(2) 5(2) 

u(a(i) , 5(2) < C(2) )p(a(2) , 5(1) > C(i) ) = p(a(i) , c)u(a(2) , g) 
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'^(/l(l),5'{2) <3C(2))w(/l(2),5'{l)>C(i)) = '(^(/i(l),c)r(/l(2),S') 
p(/l(l)I>6(l),C(i))7;(/l(2) <3 6(2),C(2)) = 't'(/i,C(i))p(fe,C(2)) 

n(/i(i)i>6(i),i(i))T(/i(2)<i6(2),i{2)) = ^(^,i(i))^i(^i(2)) 

Under the above bijection the coquasitriangular structure a : {A txi H) ® {A\x\ H) — ?• k 
corresponding to {p, r, u, v) is given by: 

a{a Kh,b\>i g) = u(a(i),g(i))p(a(2), 6(i))r(/i(i),5((2))u(/i(2), 6(2)) (23) 

for all a,b,c G A and h,g,t € H. 

3. Applications: coquasitriangular structures on generalized quantum 

DOUBLES 

Let A and H be two Hopf algebras and X : H A ^>- k he a skew pairing. Then (A, H) 
is a matched pair of Hopf algebras with the following two actions: 

h<ia = /i(2)A"^(/i(i),a(i))A(/i(3),a(2)) 

h>a = a(2)A"^(/i(i),a(i))A(/i(2),a(3)) 

The corresponding double cross product is called the generalized quantum double and it 
will be denoted by A \x\x H ([131 Example 7.2.6]). As a special case of Corollary 12.71 we 
get: 

Theorem 3.1. Let A and H be two Hopf algebras and \ : H ® A ^ k be a skew pairing. 
There is a bijective correspondence between: 

(i) The set of all coquasitriangular structures a on the generalized quantum double A [xix 
H; 

{ii) The set of all quadruples {p,T,u,v), where p: A®A^k,T: H®H^k, 
u:A(SiH—^k,v:H(^A^>-k are linear maps such that {A,p) and {H,t) are 
coquasitriangular Hopf algebras, u and v are skew pairings on {A, H) respectively on 
{H, A) and the following compatibilities are fulfilled: 

^(^(1)>&(1))^{3) «'^~H^{2),fe(2))A(/l(4),&(4))^{3) = b(^l)'^\l)V{h(^2),b(2)) (24) 

a{2) A"^ (5(1), a(i) ) A(5(3) > «(3) ) <^ 5(2)^(0(4), 5(4)) = ^(«(i),5'(i))«(2) ® 5(2) (25) 
'«(a(i),9(2))A(5{3),C(3))p(a(2),C(2))A~^(5f(i),C(i)) = p(a(i),c)n(a(2),ff) (26) 

'^(^(l)>5'(2))A(5(3).C(3))v(/l(2),C(2))A~^(5(l),C(i)) = v(/1(i),c)t(/1(2),5) (27) 

p(^(2),C(i))A"^(/i(i),6(i))u(/i(2),C(2))A(/i(3),6(3)) = p(6,C(2))A(/i,C(i)) (28) 

«(6{2),i{i))A~"^(/i(i),6(i))r(/i(2),t(2))A(/i(3),6(3)) = r(/i,t(i))u(6,t(2)) (29) 

Under this correspondence the coquasitriangular structure a : {A ixi_x H) (A ooa H) -^ k 
corresponding to (p, r, u, v) is given by: 

a{a(gih,b(g>g) = 'u(a(i),5(i))p(a(2), 6(i))t(/i(i),5(2))?;(/i(2), ^(2)) (30) 

for all a,b,c (z A and h,g,t € H . 
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Theorem 3.2. Let {A,p) and {H,t) be two coquasitriangular Hopf algebras and A : 
H A ^ k be a skew pairing. Then the generalized quantum double A txix H is a 
coquasitriangular Hopf algebra with the coquasitriangular structure given by: 



a 



> M /i, 6 M 5) = A(S'(5f(i), a(i)))p(a(2), 6(i))r(/i(i), 5(2))A(/i(2), 6(2)) (31) 



Proof. We make use of Theorem 13.11 take v := X and n := A "^ o v, where v is the flip 
map. We need to prove that relations (i24|l - (f29l) are fulfihed. We have: 

LHSm = 6(3)®A(/i(i),6(i))A(5(/i(2)),6(2))A(/i(4),6(4))/i(3) 



= 6(i)®/j(i)A(/i(2),6(2)) = -R^5(l2i 
LHS^ = a(2)A(S'(5r(i)),a(i))A(5(3),a(3))A(S'(5f(4)),a(4)) (g)5r(2) 



= a(2)A(5(<7(i)),a(i))(»(7(2)=i?i:^5(l25D 
LHS^ = A(5(5(2)),a(i))A(5(3),C(3))p(a(2),C(2))A(S'(5'(i)),C(i)) 



A(>S'(g(i)), C(i)a(i) ) p(a(2),C(2)) A(g(2),C(3)) 
A(5'(ff(i)),a(2)C(2))p(a(i),C(i))A(g(2),C(3)) 
A(g(g(2)),C(2)) A(5(g(i)),a(2))p(Q(i),C(i)) A(g(3),C(3)) 
A(5'(ff(2))5(3)> C(2)) A(S'(g(i)), a(2))p(a(i), C(i)) 
A(5(ff),a(2))p(a(i),c) = i?/75(I26D 



LHS^ = r(/t(i),g(2)) A(ff(3),C(3))A(/i(2),C(2)) A(5(g(i)),C(i)) 

= T(/j(l)'ff(2))A(^(2)9(3),C(2))A(5(5f(i)),C(i)) 



= 'r(^2),fi'(3))A(5{2)/i(l),C(2))A(5(5((i)),C(i)) 

= T-(/t(2),g(3)) A(g(2),C(2)) A(/t(i),C(3)) A(5'(g(i)),C(i)) 

= r(/i(2),5)A(/i(i),c) = 72/^-5(128]) 

LHS^ = p(6(2), C(i))A(5'(^(i)), fe(i)) A(/t(2), C(2))A(/t(3), 5(3)) 

= P(^(2),C(i)) A(g(/l(i)),&(i))A(/t(2), b(3)C(2) ) 

= P(^(3),C(2))A(5(/l(i)),6(i))A(/l(2),C(i)6(2)) 

= P(ft(3), C(2))A(5(/l(i)), 6(1)) A(/l(2), 6(2))A(/l(3), C(i)) 



= P(6, C(2))A(/i, C(i)) = RHS^ 

LHSm = A(5(t(i)),fe(2))A(S(/i(i)),6(i)) r(/i(2),t(2))A(/i(3),6(3)) 
= A(S'(t(i)/i(i)), 6(i))r(/i(2) , t(2))A(/i(3) , 6(2)) 
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A(S'(t(2))5'(/i(2)),6(i))r(/i(i),t(i))A(/i(3),6(2)) 

A(5'(i(2)), 6(l))A(5(/l(2)), 6(2))r(/l(l), t(l))A(^(3), 6(3); 



= T{h,t^i^)X{Sm2)),b)=RHSm 

D 

As a consequence, we derive the necessary and sufficient conditions for the generahzed 
quantum double to be a coquasitriangular Hopf algebra. 

Corollary 3.3. Let A and H he two Hopf algebras and t : H ®A ^ k he a skew pairing. 
Then the generalized quantum, double A \x\r H is a coquasitriangular Hopf algebra if and 
only if both Hopf algebras A and H are coquasitriangular. 

Also as a special case of Theorem 13.21 we recover Majid's result [131 Proposition 7.3.1]: 

Corollary 3.4. Let {A,p) be a coquasitriangular Hopf algebra. Then the generalized 
quantum double A txi^ A has a coquasitriangular structure given by: 

a{a (g)b,c(g)d) = ^(^(^(i)), a(i))p(a(2), C(i))p(6(i), (i(2))p(&(2), C(2)) 

Proof. Consider A = H and a = t := p in Theorem 13.21 D 

Examples 3.5. 1) Consider the group algebra kZ with the obvious Hopf algebra struc- 
ture and let ghe a generator of Z in multiplicative notation. We have a coquasitriangular 
structure p : kZ(^ kZ ^ k given by: p{g^ ,g^) = ?*'. 

Now consider the polynomial algebra k[X] with the coalgebra structure and the antipode 
given by: 

A(X") = ^/'^V^®X"-^ e(X") = 0, 5(X") = (-IfX", for ah n>0 
fc=o ^ ^ 
Any element a £ k, induces a coquasitriangular structure r on k[X] as follows: 

0, if i^j 
i = j 

Moreover, there is a skew pairing A between the two Hopf algebras k[X] and kZ given 
by: 

X{X"',g')=t"' 

with the convention that t" = 1 even if t = 0. Thus, by applying Theorem 13.21 we obtain 
a coquasitriangular structure a on the generalized quantum double kZ [xix k[X]: 

r+k=m y \ / \ 

c7((7*®X",5'(g)X™)= Yl (-l)M'r)(")*V«"~V!a" 

2) Let k he a field with char/c ^ 2 and i?4 be Sweedler's Hopf algebra. That is, H4 is 
generated as an algebra by elements g and x subject to relations: 

5,2 = 1, x^ = 0, xg = -gx 



-(■^■•*)={J: it 
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The coalgebra structure and the antipode are given by: 

^{9) =9^9, A{x) = x®g + l®x, e{g) = I, e(x) = 

3(9) = 9, S{x) = gx 
For any a & k the map p^ : H4 Cg) H4 — t- A; is a coquasitriangular structure on H4, where 
Pa is defined as: 



Pa 


1 


9 


X 


gx 


1 


1 


1 








9 


1 


-1 








x 








a 


a 


gx 








a 


a 



Let a, 13, ^ & k and consider pa, Pj^-, p-y the corresponding coquasitriangular structures 
on H4. Since any coquasitriangular structure is in particular a skew pairing, we can 
construct the generalized quantum double H4 Mp^ i?4. In view of Theorem 13.21 there is 
a coquasitriangular structure on H4 txip^ H4 given by: 

a{a (g)h,b(gjg) = p^{S{g(^i)), a(^i))pa{a(^2),b(^i))Pfs{h{i), g{2))P'y{h(2),b(^2)) 

3) Let A: be a field with char(A;) 7^ 2 and consider the fe-algebra U{n) defined by generators 
{c,xi,...,Xn,yi,..-,yn} and relations: 

c^ = 1, Xi = yf = 0, cxi + XiC = 0, cyi + y^c = 
XiXj + XjXi = 0, yiyj + yjyi = 0, Xiyj = yjXi, 1 <i <n 



U{n) has a Hopf algebra structure given by: 

A(c) = c(g)c, A(xi) = 1 (g) Xj + Xj (g) c, /S.{yi) = c ® yi + yi ® I 
e{c) = 1, e(xj) = e{yi) = 0, 5(c) = c, S'(xj) = cxj, S{yi) = yic, 1 <i <n 

U{n) is a quotient of the Hopf algebra U{n) introduced by Takeuchi in [15]. Now consider 
B- and B^ to be the Hopf subalgebras of U{n) generated by {c,yi, ...,yn} respectively 
{c, xi, ...,x„}. These are the so-called Borel subalgebras. B^ and B^ are coquasitrian- 
gular Hopf algebras with: 

T:B^®B^^k, t(c,c) = -1, r(c,2/i) = r(yj, c) = 0, T{yi,yj) = Uij, l<i,j<n 

p : B^iS>B+ -^ k, p{c,c) = -l, p{c,Xi) = p{xj,c) = 0, p{xi,Xj) = f3ij, l<i,j<n 

Moreover, there is a skew-pairing A : i?_ B^ -^ k given by: 

A(c,c) = -1, A(c, Xj) = A(yi,c) = 0, X{yi,Xj) = 6ij, l<i,j<n 

where 6ij is the Kronecker delta. Therefore, using Theorem 13.21 the generalized quan- 
tum double B^ M,- B- is a coquasitriangular Hopf algebra with the coquasitriangular 
structure a : {B^ \xi-r B^) (g (i?+ 1X1.^ -B-) — > k given by: 
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